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Titanic Probability





7% of passengers were 
from the Ottoman Empire





Biometric Keystrokes



Scores for a standardized test that students in Poland are 
required to pass before moving on in school

See if you can guess the minimum score to pass the test.

8http://freakonomics.com/2011/07/07/another-case-of-teacher-cheating-or-is-it-just-altruism/comment-page-2/

Altruism?

http://freakonomics.com/2011/07/07/another-case-of-teacher-cheating-or-is-it-just-altruism/comment-page-2/


Joint Random Variables

Use a joint table, density function or CDF to 
solve probability question

Use and find independence of multiple RVS

Think about conditional probabilities with 
joint variables (which might be continuous)

What happens when you add random variables?

Use and find expectation of multiple RVS
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Tracking in 2D Space?



p
x2 + y2 = 4

Tracking in 2D Space: New Belief

What is your new belief for the location of the object being tracked? 
Your joint probability density function can be expressed with a constant

µ = actual distance 
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Tracking in 2D Space: New Belief

For your notes…

f(X = x, Y = y|D = 4) =
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Tracking in 2D Space: Posterior
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Tracking in 2D Space: CS221



Four Prototypical Trajectories

Expectation of Multiple RVs



Joint Expectation

E[g(X,Y )] =
X

x,y

g(x, y)p(x, y)

E[g(X)] =
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x

g(x)p(x)

E[X] =
X

x

xp(x)

• Expectation over a joint isn’t nicely defined because it is not 
clear how to compose the multiple variables:
• Add them? Multiply them?

• Lemma: For a function g(X,Y) we can calculate the 
expectation of that function:

• Recall, this also holds for single random variables:



E[X + Y] = E[X] + E[Y]

Generalized:

Holds regardless of dependency between Xi’s
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Expected Values of Sums

Big deal 
lemma: first 
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By the definition of g(x,y)

What a useful lemma

Break that sum 
into parts!

Change the sum of 
(x,y) into separate 

sums

That is the definition of 
marginal probability

That is the definition of 
expectation



Four Prototypical Trajectories

Independence and Random Variables



• Two discrete random variables X and Y are 
called independent if:

• Intuitively: knowing the value of X tells us nothing 
about the distribution of Y (and vice versa)
§ If two variables are not independent, they are called 
dependent

• Similar conceptually to independent events, but 
we are dealing with multiple variables
§ Keep your events and variables distinct (and clear)!

yxypxpyxp YX , allfor    )()(),( =

Independent Discrete Variables

P (X = x, Y = y) = P (X = x) · P (Y = y)



Is Year Independent of Lunch?

For all values of Year, Status:
P(Year = y, Lunch= s) = P(Year = y)P(Lunch = s)

0.50 0.68 0.65

Yes!



Is Year Independent of Lunch?

For all values of Year, Status:
P(Year = y, Lunch= s) = P(Year = y)P(Lunch = s)

0.03 0.68 0.12

0.08 

No L



Aside: Butterfly Effect



• Flip coin with probability p of “heads”
§ Flip coin a total of n + m times
§ Let X = number of heads in first n flips
§ Let Y = number of heads in next m flips

§ X and Y are independent
§ Let Z = number of total heads in n + m flips
§ Are X and Z independent?

o What if you are told Z = 0?
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• Two continuous random variables X and Y are 
called independent if:

P(X £ a, Y £ b) = P(X £ a) P(Y £ b)  for any a, b

• Equivalently:

• More generally, joint density factors separately:

babFaFbaF YXYX , allfor    )()(),(, =
babfafbaf YXYX , allfor    )()(),(, =

¥<<¥-= yxygxhyxf YX ,     where)()(),(,

Independent Continuous Variables



Is the Blur Distribution Independent?
In image processing, a Gaussian blur is the result of blurring 
an image by a Gaussian function. It is a widely used effect in 
graphics software, typically to reduce image noise. 

Gaussian blurring with StDev = 3, is based on a joint probability 
distribution:
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Joint PDF

Joint CDF

Used to generate this weight matrix



• Consider joint density function of X and Y:

§ Are X and Y independent?

• Consider joint density function of X and Y:

§ Are X and Y independent?

§ Now add constraint that: 0 < (x + y) < 1
§ Are X and Y independent?

o Cannot capture constraint on x + y in factorization!
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No!

Pop Quiz (just kidding)



Four Prototypical Trajectories

What happens when you add random 
variables?



Zero Sum Games

How do you model zero sum games?
What is the probability that the Warriors win?



Motivating Idea: Zero Sum Games
How it works:
• Each team has an “ELO” score S, calculated 

based on their past performance.
• Each game, the team has ability A ~ N(S, 2002)
• The team with the higher sampled ability wins.

AW ⇠ N (1797, 2002)

17971555 ability

p

Arpad Elo

AR ⇠ N (1555, 2002)AB ⇠

P (Warriors win) = P (AW > AR)

⇡ 0.87

P (AW > AB)



Motivating Idea: Zero Sum Games

P (Warriors win) = P (AW > AR)

⇡ 0.87

P (AW > AB)

AW ⇠ N (1797, 2002)

AR ⇠ N (1555, 2002)AB ⇠

Sums (or subtractions) of random variables show up all the 
time. But we have no explicit tools for dealing with them!

In class we solved this by sampling. But that is a bit of a 
“cheat” and is computationally expensive. 

P (Warriors win) = P (AW �AB > 0)
<latexit sha1_base64="W+9gV5tS7KWEUXe4e1poDWOeFK4=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWFXBNMoiTaWK5gHJGGZnUySIbOzy8xdNSz5Bht/xcZCEVsrO//GyaPQxAMXDufcy733+JHgGmz720otLa+srqXXMxubW9s72d29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX263dMaR7KWxhGrB2QnuRdTgkYycsW3HwL2AMkdaIUD5XG91yOCvgcu/mKV8fHuOJd4gtsF7xszi7aE+BF4sxIDs3getmvViekccAkUEG0bjp2BO2EKOBUsFGmFWsWETogPdY0VJKA6XYyeWmEj4zSwd1QmZKAJ+rviYQEWg8D33QGBPp63huL/3nNGLqldsJlFAOTdLqoGwsMIR7ngztcMQpiaAihiptbMe0TRSiYFDMmBGf+5UVSOyk6dtG5Oc2VS7M40ugAHaI8ctAZKqNr5KIqougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w+iBZrO</latexit><latexit sha1_base64="W+9gV5tS7KWEUXe4e1poDWOeFK4=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWFXBNMoiTaWK5gHJGGZnUySIbOzy8xdNSz5Bht/xcZCEVsrO//GyaPQxAMXDufcy733+JHgGmz720otLa+srqXXMxubW9s72d29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX263dMaR7KWxhGrB2QnuRdTgkYycsW3HwL2AMkdaIUD5XG91yOCvgcu/mKV8fHuOJd4gtsF7xszi7aE+BF4sxIDs3getmvViekccAkUEG0bjp2BO2EKOBUsFGmFWsWETogPdY0VJKA6XYyeWmEj4zSwd1QmZKAJ+rviYQEWg8D33QGBPp63huL/3nNGLqldsJlFAOTdLqoGwsMIR7ngztcMQpiaAihiptbMe0TRSiYFDMmBGf+5UVSOyk6dtG5Oc2VS7M40ugAHaI8ctAZKqNr5KIqougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w+iBZrO</latexit><latexit sha1_base64="W+9gV5tS7KWEUXe4e1poDWOeFK4=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWFXBNMoiTaWK5gHJGGZnUySIbOzy8xdNSz5Bht/xcZCEVsrO//GyaPQxAMXDufcy733+JHgGmz720otLa+srqXXMxubW9s72d29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX263dMaR7KWxhGrB2QnuRdTgkYycsW3HwL2AMkdaIUD5XG91yOCvgcu/mKV8fHuOJd4gtsF7xszi7aE+BF4sxIDs3getmvViekccAkUEG0bjp2BO2EKOBUsFGmFWsWETogPdY0VJKA6XYyeWmEj4zSwd1QmZKAJ+rviYQEWg8D33QGBPp63huL/3nNGLqldsJlFAOTdLqoGwsMIR7ngztcMQpiaAihiptbMe0TRSiYFDMmBGf+5UVSOyk6dtG5Oc2VS7M40ugAHaI8ctAZKqNr5KIqougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w+iBZrO</latexit><latexit sha1_base64="W+9gV5tS7KWEUXe4e1poDWOeFK4=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWFXBNMoiTaWK5gHJGGZnUySIbOzy8xdNSz5Bht/xcZCEVsrO//GyaPQxAMXDufcy733+JHgGmz720otLa+srqXXMxubW9s72d29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX263dMaR7KWxhGrB2QnuRdTgkYycsW3HwL2AMkdaIUD5XG91yOCvgcu/mKV8fHuOJd4gtsF7xszi7aE+BF4sxIDs3getmvViekccAkUEG0bjp2BO2EKOBUsFGmFWsWETogPdY0VJKA6XYyeWmEj4zSwd1QmZKAJ+rviYQEWg8D33QGBPp63huL/3nNGLqldsJlFAOTdLqoGwsMIR7ngztcMQpiaAihiptbMe0TRSiYFDMmBGf+5UVSOyk6dtG5Oc2VS7M40ugAHaI8ctAZKqNr5KIqougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w+iBZrO</latexit>

Challenge: try and come up with the way to solve this by the 
end of class



• Let X and Y be independent binomials with the 
same value for p:
§ X ~ Bin(n1, p) and  Y ~ Bin(n2, p) 
§ X + Y ~ Bin(n1 + n2, p)

• Intuition:
§ X has n1 trials and Y has n2 trials

o Each trial has same “success” probability p

§ Define Z to be n1 + n2 trials, each with success prob. p
§ Z ~ Bin(n1 + n2, p), and also Z = X + Y

Sum of Independent Binomials



Four Prototypical Trajectories

If only it were always that simple



The Insight to Convolution
Imagine a game 

where each player independently scores between 0 and 100 points:

Let X be the amount of points you score.
Let Y be the amount of points your opponent scores.

Let’s say you know P(X = x) and P(Y = y).

What is the probability of a tie?

P (tie) =
100X

i=0

P (X = i, Y = i)

=
100X

I=0

P (X = i)P (Y = i) if independent
<latexit sha1_base64="BW49qVBZp868Cq084QXXYifvz2E="></latexit><latexit sha1_base64="BW49qVBZp868Cq084QXXYifvz2E="></latexit><latexit sha1_base64="BW49qVBZp868Cq084QXXYifvz2E="></latexit><latexit sha1_base64="BW49qVBZp868Cq084QXXYifvz2E="></latexit>

P (tie) =
100X

i=0

P (X = i, Y = i)

=
100X

i=0

P (X = i)P (Y = i) if independent
<latexit sha1_base64="ybb1zPAbvNiaN/3OHW35xpEdYNk="></latexit><latexit sha1_base64="ybb1zPAbvNiaN/3OHW35xpEdYNk="></latexit><latexit sha1_base64="ybb1zPAbvNiaN/3OHW35xpEdYNk="></latexit><latexit sha1_base64="ybb1zPAbvNiaN/3OHW35xpEdYNk="></latexit>



The Insight to Convolution Proofs
What is the 
probability 

that X + Y = n?

X Y i
0 n 0

1 n - 1 1

2 n - 2 2

n 0 n

…

P (X + Y = n)?
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P (X = 0, Y = n)
<latexit sha1_base64="R3FGzRj+mdvs+u91kGzwM5f4Apc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1cs7Rg2nibGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AnvuQbQ==</latexit><latexit sha1_base64="R3FGzRj+mdvs+u91kGzwM5f4Apc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1cs7Rg2nibGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AnvuQbQ==</latexit><latexit sha1_base64="R3FGzRj+mdvs+u91kGzwM5f4Apc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1cs7Rg2nibGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AnvuQbQ==</latexit><latexit sha1_base64="R3FGzRj+mdvs+u91kGzwM5f4Apc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1cs7Rg2nibGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AnvuQbQ==</latexit>

P (X = 1, Y = n� 1)
<latexit sha1_base64="OJlQxypWIFNmhGQRwKnR4qUVJ/U=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJU0JKIYDdCwY3LCvYhbSiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuByz2ccy9z5/gxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHhy0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++Obqd9+pFKxSNzrNKZeiIeCBYxgbaS+XWpUOugauWfowTSBzpF72rfLTtWZAS0TNydlyNHo21+9QUSSkApNOFaq6zqx9jIsNSOcToq9RNEYkzEe0q6hAodUedns+Ak6McoABZE0JTSaqb83MhwqlYa+mQyxHqlFbyr+53UTHdS8jIk40VSQ+UNBwpGO0DQJNGCSEs1TQzCRzNyKyAhLTLTJq2hCcBe/vExaF1XXqbp3l+V6LY+jAEdwDBVw4QrqcAsNaAKBFJ7hFd6sJ+vFerc+5qMrVr5Tgj+wPn8AMlWRNA==</latexit><latexit sha1_base64="OJlQxypWIFNmhGQRwKnR4qUVJ/U=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJU0JKIYDdCwY3LCvYhbSiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuByz2ccy9z5/gxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHhy0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++Obqd9+pFKxSNzrNKZeiIeCBYxgbaS+XWpUOugauWfowTSBzpF72rfLTtWZAS0TNydlyNHo21+9QUSSkApNOFaq6zqx9jIsNSOcToq9RNEYkzEe0q6hAodUedns+Ak6McoABZE0JTSaqb83MhwqlYa+mQyxHqlFbyr+53UTHdS8jIk40VSQ+UNBwpGO0DQJNGCSEs1TQzCRzNyKyAhLTLTJq2hCcBe/vExaF1XXqbp3l+V6LY+jAEdwDBVw4QrqcAsNaAKBFJ7hFd6sJ+vFerc+5qMrVr5Tgj+wPn8AMlWRNA==</latexit><latexit sha1_base64="OJlQxypWIFNmhGQRwKnR4qUVJ/U=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJU0JKIYDdCwY3LCvYhbSiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuByz2ccy9z5/gxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHhy0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++Obqd9+pFKxSNzrNKZeiIeCBYxgbaS+XWpUOugauWfowTSBzpF72rfLTtWZAS0TNydlyNHo21+9QUSSkApNOFaq6zqx9jIsNSOcToq9RNEYkzEe0q6hAodUedns+Ak6McoABZE0JTSaqb83MhwqlYa+mQyxHqlFbyr+53UTHdS8jIk40VSQ+UNBwpGO0DQJNGCSEs1TQzCRzNyKyAhLTLTJq2hCcBe/vExaF1XXqbp3l+V6LY+jAEdwDBVw4QrqcAsNaAKBFJ7hFd6sJ+vFerc+5qMrVr5Tgj+wPn8AMlWRNA==</latexit><latexit sha1_base64="OJlQxypWIFNmhGQRwKnR4qUVJ/U=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJU0JKIYDdCwY3LCvYhbSiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuByz2ccy9z5/gxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHhy0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++Obqd9+pFKxSNzrNKZeiIeCBYxgbaS+XWpUOugauWfowTSBzpF72rfLTtWZAS0TNydlyNHo21+9QUSSkApNOFaq6zqx9jIsNSOcToq9RNEYkzEe0q6hAodUedns+Ak6McoABZE0JTSaqb83MhwqlYa+mQyxHqlFbyr+53UTHdS8jIk40VSQ+UNBwpGO0DQJNGCSEs1TQzCRzNyKyAhLTLTJq2hCcBe/vExaF1XXqbp3l+V6LY+jAEdwDBVw4QrqcAsNaAKBFJ7hFd6sJ+vFerc+5qMrVr5Tgj+wPn8AMlWRNA==</latexit>

P (X = 2, Y = n� 2)
<latexit sha1_base64="dfmQgUPOWZd0TJlHASSZLudYDLI=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyxCBS0zRbAboeDGZQX7kHYomTTThmYyQ5IRhqH+ihsXirj1Q9z5N6aPhbYeuNzDOfeSm+PHnCntON9Wbm19Y3Mrv13Y2d3bP7APj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3U7/9SKVikbjXaUy9EA8FCxjB2kh9u9god9A1qp6jB9MEukDVs75dcirODGiVuAtSggUaffurN4hIElKhCcdKdV0n1l6GpWaE00mhlygaYzLGQ9o1VOCQKi+bHT9Bp0YZoCCSpoRGM/X3RoZDpdLQN5Mh1iO17E3F/7xuooOalzERJ5oKMn8oSDjSEZomgQZMUqJ5aggmkplbERlhiYk2eRVMCO7yl1dJq1pxnYp7d1mq1xZx5OEYTqAMLlxBHW6hAU0gkMIzvMKb9WS9WO/Wx3w0Zy12ivAH1ucPNWqRNg==</latexit><latexit sha1_base64="dfmQgUPOWZd0TJlHASSZLudYDLI=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyxCBS0zRbAboeDGZQX7kHYomTTThmYyQ5IRhqH+ihsXirj1Q9z5N6aPhbYeuNzDOfeSm+PHnCntON9Wbm19Y3Mrv13Y2d3bP7APj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3U7/9SKVikbjXaUy9EA8FCxjB2kh9u9god9A1qp6jB9MEukDVs75dcirODGiVuAtSggUaffurN4hIElKhCcdKdV0n1l6GpWaE00mhlygaYzLGQ9o1VOCQKi+bHT9Bp0YZoCCSpoRGM/X3RoZDpdLQN5Mh1iO17E3F/7xuooOalzERJ5oKMn8oSDjSEZomgQZMUqJ5aggmkplbERlhiYk2eRVMCO7yl1dJq1pxnYp7d1mq1xZx5OEYTqAMLlxBHW6hAU0gkMIzvMKb9WS9WO/Wx3w0Zy12ivAH1ucPNWqRNg==</latexit><latexit sha1_base64="dfmQgUPOWZd0TJlHASSZLudYDLI=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyxCBS0zRbAboeDGZQX7kHYomTTThmYyQ5IRhqH+ihsXirj1Q9z5N6aPhbYeuNzDOfeSm+PHnCntON9Wbm19Y3Mrv13Y2d3bP7APj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3U7/9SKVikbjXaUy9EA8FCxjB2kh9u9god9A1qp6jB9MEukDVs75dcirODGiVuAtSggUaffurN4hIElKhCcdKdV0n1l6GpWaE00mhlygaYzLGQ9o1VOCQKi+bHT9Bp0YZoCCSpoRGM/X3RoZDpdLQN5Mh1iO17E3F/7xuooOalzERJ5oKMn8oSDjSEZomgQZMUqJ5aggmkplbERlhiYk2eRVMCO7yl1dJq1pxnYp7d1mq1xZx5OEYTqAMLlxBHW6hAU0gkMIzvMKb9WS9WO/Wx3w0Zy12ivAH1ucPNWqRNg==</latexit><latexit sha1_base64="dfmQgUPOWZd0TJlHASSZLudYDLI=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyxCBS0zRbAboeDGZQX7kHYomTTThmYyQ5IRhqH+ihsXirj1Q9z5N6aPhbYeuNzDOfeSm+PHnCntON9Wbm19Y3Mrv13Y2d3bP7APj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3U7/9SKVikbjXaUy9EA8FCxjB2kh9u9god9A1qp6jB9MEukDVs75dcirODGiVuAtSggUaffurN4hIElKhCcdKdV0n1l6GpWaE00mhlygaYzLGQ9o1VOCQKi+bHT9Bp0YZoCCSpoRGM/X3RoZDpdLQN5Mh1iO17E3F/7xuooOalzERJ5oKMn8oSDjSEZomgQZMUqJ5aggmkplbERlhiYk2eRVMCO7yl1dJq1pxnYp7d1mq1xZx5OEYTqAMLlxBHW6hAU0gkMIzvMKb9WS9WO/Wx3w0Zy12ivAH1ucPNWqRNg==</latexit>

P (X = n, Y = 0)
<latexit sha1_base64="NO8VpnpwHw2pQIXOaT7GrxcWF3I=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1EufowTTnbGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AoK2QbQ==</latexit><latexit sha1_base64="NO8VpnpwHw2pQIXOaT7GrxcWF3I=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1EufowTTnbGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AoK2QbQ==</latexit><latexit sha1_base64="NO8VpnpwHw2pQIXOaT7GrxcWF3I=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1EufowTTnbGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AoK2QbQ==</latexit><latexit sha1_base64="NO8VpnpwHw2pQIXOaT7GrxcWF3I=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1EufowTTnbGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AoK2QbQ==</latexit>

P (X + Y = n) =
nX

i=0

P (X = i, Y = n� i)
<latexit sha1_base64="Y+sTl2RXL2jJwIt+v+ZUtLDGjRU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoUWsigt0UCm5cVrAPaWOYTCft0MkkzEyEEvoZbvwVNy4Ucdudf+OkzUJbD9zL4Zx7mbnHixiVyrK+jdzK6tr6Rn6zsLW9s7tn7h+0ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblK//USEpCG/V+OIOAEacOpTjJSWXPOiUerAU/gAa5CXdevJOHATWrMmjxymXg3Ss7kNzyEtu2bRqlgzwGViZ6QIMjRcc9rrhzgOCFeYISm7thUpJ0FCUczIpNCLJYkQHqEB6WrKUUCkk8wOm8ATrfShHwpdXMGZ+nsjQYGU48DTkwFSQ7nopeJ/XjdWftVJKI9iRTieP+THDKoQpinBPhUEKzbWBGFB9V8hHiKBsNJZFnQI9uLJy6R1WbGtin13VaxXszjy4AgcgxKwwTWog1vQAE2AwTN4Be/gw3gx3oxP42s+mjOynUPwB8b0B+8fmqs=</latexit><latexit sha1_base64="Y+sTl2RXL2jJwIt+v+ZUtLDGjRU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoUWsigt0UCm5cVrAPaWOYTCft0MkkzEyEEvoZbvwVNy4Ucdudf+OkzUJbD9zL4Zx7mbnHixiVyrK+jdzK6tr6Rn6zsLW9s7tn7h+0ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblK//USEpCG/V+OIOAEacOpTjJSWXPOiUerAU/gAa5CXdevJOHATWrMmjxymXg3Ss7kNzyEtu2bRqlgzwGViZ6QIMjRcc9rrhzgOCFeYISm7thUpJ0FCUczIpNCLJYkQHqEB6WrKUUCkk8wOm8ATrfShHwpdXMGZ+nsjQYGU48DTkwFSQ7nopeJ/XjdWftVJKI9iRTieP+THDKoQpinBPhUEKzbWBGFB9V8hHiKBsNJZFnQI9uLJy6R1WbGtin13VaxXszjy4AgcgxKwwTWog1vQAE2AwTN4Be/gw3gx3oxP42s+mjOynUPwB8b0B+8fmqs=</latexit><latexit sha1_base64="Y+sTl2RXL2jJwIt+v+ZUtLDGjRU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoUWsigt0UCm5cVrAPaWOYTCft0MkkzEyEEvoZbvwVNy4Ucdudf+OkzUJbD9zL4Zx7mbnHixiVyrK+jdzK6tr6Rn6zsLW9s7tn7h+0ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblK//USEpCG/V+OIOAEacOpTjJSWXPOiUerAU/gAa5CXdevJOHATWrMmjxymXg3Ss7kNzyEtu2bRqlgzwGViZ6QIMjRcc9rrhzgOCFeYISm7thUpJ0FCUczIpNCLJYkQHqEB6WrKUUCkk8wOm8ATrfShHwpdXMGZ+nsjQYGU48DTkwFSQ7nopeJ/XjdWftVJKI9iRTieP+THDKoQpinBPhUEKzbWBGFB9V8hHiKBsNJZFnQI9uLJy6R1WbGtin13VaxXszjy4AgcgxKwwTWog1vQAE2AwTN4Be/gw3gx3oxP42s+mjOynUPwB8b0B+8fmqs=</latexit><latexit sha1_base64="Y+sTl2RXL2jJwIt+v+ZUtLDGjRU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoUWsigt0UCm5cVrAPaWOYTCft0MkkzEyEEvoZbvwVNy4Ucdudf+OkzUJbD9zL4Zx7mbnHixiVyrK+jdzK6tr6Rn6zsLW9s7tn7h+0ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblK//USEpCG/V+OIOAEacOpTjJSWXPOiUerAU/gAa5CXdevJOHATWrMmjxymXg3Ss7kNzyEtu2bRqlgzwGViZ6QIMjRcc9rrhzgOCFeYISm7thUpJ0FCUczIpNCLJYkQHqEB6WrKUUCkk8wOm8ATrfShHwpdXMGZ+nsjQYGU48DTkwFSQ7nopeJ/XjdWftVJKI9iRTieP+THDKoQpinBPhUEKzbWBGFB9V8hHiKBsNJZFnQI9uLJy6R1WbGtin13VaxXszjy4AgcgxKwwTWog1vQAE2AwTN4Be/gw3gx3oxP42s+mjOynUPwB8b0B+8fmqs=</latexit>



The Insight to Convolution Proofs

P (X + Y = n) =
nX

k=0

P (X = k, Y = n� k) Since the events are mutually exclusive

=
nX

k=0

P (X = k)P (Y = n� k) If they are independent
P (X + Y = n) =

nX

k=0

P (X = k, Y = n� k) Since the events are mutually exclusive

=
nX

k=0

P (X = k)P (Y = n� k) If they are independent

If the random variables are independent

Since this is the OR or mutually exclusive events

What is the 
probability 

that X + Y = n?

P (X + Y = n)?
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Sum of Two Dice
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Let X+Y be the value of the sum of two dice
(aka two independent random variables)

P (X + Y = n) =
nX

k=0

P (X = k, Y = n� k) Since the events are mutually exclusive

=
nX

k=0

P (X = k)P (Y = n� k) If they are independent

P(
X

+ 
Y

= 
n)

n



Sum of Independent Poissons

(a+ b)n =
nX

k=0

✓
n

k

◆
akbn�k

Recall the B
inomial Theorem



• Let X and Y be independent random variables
§ X ~ Poi(l1)  and  Y ~ Poi(l2)
§ X + Y ~ Poi(l1 + l2) 

• Proof: (just for reference)

§ Rewrite (X + Y = n) as (X = k, Y = n – k) where 0 £ k £ n

§ Noting Binomial theorem: 

§ so, X + Y = n ~ Poi(l1 + l2)
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Sum of Independent Poissons



• Let X and Y be independent Binomial RVs
§ X ~ Bin(n1, p) and  Y ~ Bin(n2, p) 
§ X + Y ~ Bin(n1 + n2, p)
§ More generally, let Xi ~ Bin(ni, p) for 1 ≤ i ≤ N, then

• Let X and Y be independent Poisson RVs
§ X ~ Poi(l1)  and  Y ~ Poi(l2)
§ X + Y ~ Poi(l1 + l2) 
§ More generally, let Xi ~ Poi(li) for 1 ≤ i ≤ N, then
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Reference: Sum of Independent RVs



• Let X and Y be independent random variables
§ X ~ N(µ1, s12)  and  Y ~ N(µ2, s22)
§ X + Y ~ N(µ1 + µ2, s12 + s22) 

• Generally, have n independent random variables     
Xi ~ N(µi, si2)  for  i = 1, 2, ..., n:
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Sum of Independent Normals



• Say you are working with the WHO to plan a 
response to a the initial conditions of a virus:
§ Two exposed groups
§ P1: 50 people, each independently infected with p = 0.1
§ P2: 100 people, each independently infected with p = 0.4
§ Question: Probability of more than 40 infections?

Virus Infections

Sanity check: Should we use the 
Binomial Sum-of-RVs shortcut?
A. YES!
B. NO!
C. Other/none/more



• Say you are working with the WHO to plan a 
response to a the initial conditions of a virus:
§ Two exposed groups
§ P1: 50 people, each independently infected with p = 0.1
§ P2: 100 people, each independently infected with p = 0.4
§ A = # infected in P1 A ~ Bin(50, 0.1)   » X ~ N(5, 4.5)
§ B = # infected in P2 B ~ Bin(100, 0.4) » Y ~ N(40, 24)
§ What is P(≥ 40 people infected)?
§ P(A + B ≥ 40) » P(X + Y ≥ 39.5)
§ X + Y = W ~ N(5 + 40 = 45, 4.5 + 24 = 28.5)
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Virus Infections



Linear Transform

X ⇠ N(µ,�2)

Y ⇠ N(2µ, 4�2)

Y = X +X = 2 ·X

Y = X +X = 2 ·X

X +X ⇠ N(µ+ µ,�2 + �2)

Y ⇠ N(2µ, 2�2) X is not 
independent

 of X



Motivating Idea: Zero Sum Games
How it works:
• Each team has an “ELO” score S, calculated 

based on their past performance.
• Each game, the team has ability A ~ N(S, 2002)
• The team with the higher sampled ability wins.

AW ⇠ N (1797, 2002)

17971555 ability

p

Arpad Elo

AR ⇠ N (1555, 2002)AB ⇠

P (Warriors win) = P (AW > AR)

⇡ 0.87

P (AW > AB)



Motivating Idea: Zero Sum Games
AW ⇠ N (1797, 2002)

17971555 ability

p
AR ⇠ N (1555, 2002)AB ⇠

P (Warriors win) = P (AW > AR)

⇡ 0.87

P (AW > AB)

P (Warriors win) = P (AW �AB > 0)
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D = AW �AB

D ⇠ N(µ = 1795� 1555,�2 = 2 · 2002)
⇠ N(µ = 240,�2 = 283)

P (D > 0) = FD(0) = 1� �
⇣0� 240

283

⌘
⇡ 0.65
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We talked about sum of Binomial, Normal and 
Poisson…who’s missing from this party? 

Uniform. 

CON

Convolution of Probability Distributions



Four Prototypical Trajectories

Summation: not just for the 1%



• Let X and Y be independent random variables

§ Probability Density Function (PDF) of X + Y:

§ In discrete case, replace    with     , and f(y) with p(y)
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Dance, Dance Convolution



• Let X and Y be independent random variables

§ Cumulative Distribution Function (CDF) of X + Y:

§ In discrete case, replace    with     , and f(y) with p(y)
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• Let X and Y be independent random variables
§ X ~ Uni(0, 1)  and  Y ~ Uni(0, 1)  à f(x) = 1 for 0 £ x £ 1

Sum of Independent Uniforms

1

1
f(x)

For both X and Y



X ⇠ Uni(0, 1)
<latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit>

Y ⇠ Uni(0, 1)
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X and Y are independent
fX+Y (↵)?

<latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit>
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<latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit>
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Four Prototypical Trajectories

That’s all folks!


